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Abstract: Let X be a smooth closed spin 4-manifold with the first Betti number b1(X) = 0 and signature
σ(X) 6 0. In this paper we use Seiberg-Witten theory theory to prove that (i) If X admits an odd type Z2p
action preserving the spin structure, then b2(X) > 54 |σ(X)|+2p+2, provided b+2 (X;Z2) 6= b+2 − 18 |σ(X)|,
b+2 (X;Z2p ) > 0 and in addition, b+2 (X;Z2p ) < b+2 if p > 2, where Z2 ⊂ Z2p . (ii) If H1(X,Z2) = 0 and
X admits an even type involution τ preserving the spin structure, then the number of isolated fixed points of
τ , say k, is divisible by 8 and satisfies that k 6 8(b+2 (X; τ)− 1)+ 12σ(X).
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1. Introduction
Let X be a smooth closed spin 4-manifold. Suppose that X admits a spin structure preserving
action by a compact Lie group (or finite group) G. We may assume a Riemannian metric on
X so that G acts by isometries. This G-action can always be lifted to Gˆ-actions on the spinor
bundles, where Gˆ is an extension of G by Z2. We say that the G-action on X is of even type
if Gˆ contains a subgroup isomorphic to G, and is of odd type otherwise. The Dirac operator
D : 0(W+) → 0(W−) is Gˆ-equivariant. Hence the kernel ker D and cokernel coker D are
both Gˆ-modules.
In this paper we study the topology of X in the presence of the G-action by applying
the Seiberg–Witten moduli spaces. Using the “finite dimensional approximation” technique
(cf. [8]) for the unperturbed Seiberg–Witten equations we obtain certain equivariant maps
between spheres with linear G-actions. By further applying equivariant K -theory this implies
some nontrivial inequalities connecting the second Betti number b2(X), the signature σ(X)
and the group G.
To state our main results, let us start to introduce some notations. Let Hi denote the space of
harmonic i-forms on X . Let ∗ : H2 → H2 denote the Hodge operator. Let H2+ denote the space
of self-dual harmonic 2-forms, i.e, the +1-eigenspace of the Hodge operator ∗. Let b+2 denote
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the dimension of H2+. Let b
+
2 (X;G) denote the dimension of G-invariant self-dual harmonic
2-forms.
Our main results are
Theorem 1. Let X be a smooth closed spin 4-manifold. Suppose that the first Betti number
b1(X) = 0 and the signature σ(X) 6 0. If X admits an odd type Z2p action preserving the spin
structure, then
b2(X ) > 54 |σ(X )| + 2p + 2 ,
provided b+2 (X;Z2) 6= b+2 − 18 |σ(X)|, b+2 (X;Z2p) > 0 and in addition, b+2 (X;Z2p) < b+2 if
p > 2, where Z2 ⊂ Z2p .
In the proof of Theorem 1 we obtain the following
Theorem 2. Let X be a smooth closed spin 4-manifold. Suppose that b1(X) = 0 andσ(X) 6 0.
If X admits a semifree Z2p action of odd type preserving the spin structure with fixed point set
N so that the intersection number [N ]2 6= 0, then
b2(X ) > 54 |σ(X )| + 2p + 2 ,
if b+2 (X;Z2) 6= b+2 − 18 |σ(X)| and b+2 (X;Z2p) > 0.
The next result is an equivariant version of Furuta’s 108 -theorem ([8]).
Proposition 3. Let X be a smooth closed spin G-manifold of dimension 4, where G is compact.
Suppose that b1(X) = 0 and σ(X) 6 0. If the G-action is of even type so that indG(D) 6= 0,
then
b+2 (X; G ) > indG (D)+ 1 ,
where indG(D) = dim(ker D)G − dim(coker D)G.
Let X be a smooth closed spin 4-manifold with an even type involution τ . A criterion of
Atiyah and Bott [1] asserts that τ has at most isolated fixed points. Applying Proposition 3 we
obtain
Theorem 4. Let X be a smooth closed spin 4-manifold. Suppose that H1(X,Z2) = 0 and
σ(X) 6 0. If τ : X → X is an even type involution preserving the spin structure, then the
number of fixed points of τ , say k, is divisible by 8 and satisfies
k 6 8(b+2 (X; τ )− 1)+ 12 σ(X ).
This implies that
Corollary 5. Let X be a spin 4-manifold homologous to a K3-surface. If X admits an even
type involution, say τ , preserving the spin structure, then b+2 (X; τ) = 3 and τ has exactly 8
isolated fixed points.
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Proof. If k = 0, then τ is a free involution. It is easy to verify that the quotient X/τ has
signature −8 and Euler characteristic 12. Hence b+2 (X; τ) = b+2 (X/τ) = 1. This contradicts
Theorem 4. Hence k > 1. By Theorem 4 once again we conclude that b+2 (X; τ) > 3. Obviously
b+2 (X; τ) 6 b+2 = 3. Therefore b+2 (X; τ) = 3 and k = 8. ¤
Next let us indicate another consequence of Proposition 3 which gives an inequality connect-
ing the second Betti numbers and the signatures of spin manifolds with lens spaces boundaries.
Set
def(q; n) =

n−1∑
k=1
(−1)k cosec pik
n
cosec
piqk
n
, if q is even ;
n−1∑
k=1
cosec
pik
n
cosec
piqk
n
, if q is odd.
Proposition 6. Let X be a spin 4-manifold with boundary the lens space L(n, q) with n odd.
If H1(X,Zn) = 0, b+2 6= 0 and signature σ(X) 6 0, then
b2(X ) > 2+ 54 |σ(X )| +
1
6n
(
3def(q; n)+ (q, n))
where (q, n) is the Dedekind sum [9, 11].
We remark that the Dedekind sum (q, n) satisfies the classical identity (cf. [9])
(q, n) = 6n
n−1∑
k=0
(( k
n
))((
qk
n
))
where ((·)) : R→ R is a real function defined by
((x )) = x − [x ]− 12 , if x is not an integer ;
((x )) = 0 , if x is an integer.
Remark 7. By [9] we know that (1, n) = 12(n − 1)(n − 2) and
def(1; n) =
n−1∑
k=1
cosec2
pik
n
= 13 (n2 − 1).
Hence for q = 1, the above result implies that b+2 > 1 + 18 |σ(X)| + 18(n − 1). Similarly, for
q = n − 1 we get b+2 > 1+ 18 |σ(X)| − 18(n − 1).
The organization of the remainder is as follows: In Section 2 we give a very brief review about
the Seiberg–Witten theory and prove Proposition 3 following [8]. Section 3 and Section 4 are
addressed to prove Theorem 1 and Theorem 2. In the final Section 5, we proving Theorem 4.
2. A brief review on Seiberg–Witten Theory
Let X be a smooth closed spin 4-manifold. Recall that a spin structure on X consists of
a principal Spin(4) bundle PSpin(4)(X) ↘ X together with a Spin(4)-equivariant bundle map
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PSpin(4)(X) → PSO(4)(X). By homotopy theory it is well known that the Spin structures on
X correspond 1-1 to H 1(X,Z2). Note that Spin(4) ≈ SU(2)× SU(2). Therefore Spin(4) has
two irreducible representations, say 1+ and 1−, which give two associated rank 2 complex
vector bundles W+ and W− over X . Let Ä+ be the space of self-dual 2-forms. By Clifford
multiplication, Ä+ acts on W+ and W−. Using this action we can identify Ä+ with the Lie
algebra bundle su(W+).
The Seiberg–Witten equations for the Spin manifold X reads as
Dφ + a · φ = 0 ;
d+a = q(φ)
where D : 0(W+)→ 0(W−) is the Dirac operator, a ∈ iÄ1 is a pure imaginary 1-form, d+ :
Ä1 → Ä+ is the exterior differential, φ ∈ 0(W+) and q(φ) := φ ⊗ φ∗ − 12 |φ|2 Id ∈ su(W+).
If H1(X,Z2) = 0, then any element in the gauge group G = Map (X,U (1))may be writen as
s = ei f for some f ∈ C∞(X). The action of s on (a, φ) is given by s∗(a, φ) = (a+ id f, s−1φ).
We have to work in the completed Banach spaces with suitable Sobolev norms. For example,
0(W+) and Ä1 are completed using L24-norm, 0(W−) and Ä+ are completed using L23-norm,
etc. For the sake of simplicity we use the same notations for the completed spaces. From the
above equations we obtain a G-equivariant map F
iÄ1 × 0(W+ )→ iÄ+ × 0(W− ) ,
(a, φ)→ (d+ − q(φ), Dφ + a · φ).
Consider the moduli space M = F−1(0)/G. Let Ä1o = {a ∈ iÄ1 : d∗a = 0}. By restriction
we obtain a map
F0 : Ä
1
o × 0(W+ )→ iÄ+ × 0(W− )
with S1-symmetry. Note that the moduli space M = F−10 (0)/S1.
Let D = (d+, D) : Ä1o × 0(W+) → iÄ+ × 0(W−) and let Q(a, φ) = (−q(φ), a · φ).
Clearly F−10 (0) = (D + Q)−1(0). Note that W+ and W− are H-bundles. This gives rise to a
right Pin(2) = 〈S1, j〉 ⊂ Sp(1) action on 0(W±). On the other hand, we define the action of
Pin(2) on Äi (X) by: e
√−1θ (ω) = ω if e
√−1θ ∈ S1 and j(ω) = −ω. By [8] both D and Q
actually have extra Pin(2) symmetries.
If X admits a smooth action by a compact Lie group G, we may assume a G-invariant
Riemannian metric on X . If in addition the G-action preserves the Spin structure, there are
lifted Gˆ-actions on W± where Gˆ is the following extension
1→ Z2 → Gˆ → G → 1.
Recall that the G-action is of even type if Gˆ contains a subgroup isomorphic to G, and in
turn is of odd type, otherwise. In the latter case, the generator of Z2 acts on W± by −1. Put
HG =
{
Pin(2)×±1 Gˆ , if the action is of odd type ;
Pin(2)× G , otherwise.
By combining the Pin(2) and Gˆ actions, HG acts on 0(W±). On the other hand, HG acts
on Äi (X) in the obvious way. Note that both D and Q are HG-equivariant. Therefore the
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index IndGˆD = Ker D − Coker D ∈ RO(HG) and coker d+ ∈ RO(HG), the virtual real
representation ring of HG , where d+ : Ä1o(X)→ iÄ2+(X).
Let R˜ be the unique nontrivial 1-dimensional real Pin(2)-representation. By right multipli-
cation, H is an irreducible Pin(2)-module. Let S ⊂ R(HG) be the subring of the complex
representation ring of HG spanned by R˜ ⊗ C and H ⊗ C. It is straightforward to deduce the
following proposition by adapting [8] to the equivariant case.
Proposition 2.1. Let X be a smooth closed spin 4-manifold. Suppose that the first Betti number
b1(X) = 0 and signature σ(X) 6 0. If X admits a G-action preserving the spin structure, then
there is an HG-map
f : (ker DC ⊕W)+ → (coker DC ⊕ coker d+C ⊕W)+ ,
where DC and d
+
C are the complexifications of D and d+ respectively, W ∈ S ⊂ R(HG) and+ is the one point compactification.
Proof. To simplify the notation, put U = Ä1o × 0(W+) and V = iÄ+ × 0(W−). Recall that
F0 = D+ Q : U→ V is an HG-map.
For λ ∈ R+, we define Uλ and Vλ to be the direct sum of the eigenspaces of D∗D and
DD∗ with eigenvalues less than or equal to λ respectively. As D is elliptic, dim Uλ <∞, dim
Vλ <∞ and Uλ−Vλ = U0−V0 ∈ RO(HG). Note that U0 = ker D, V0 = coker d+⊕coker D
and coker d+ = H 2+(X,R).
Let pλ : V→ Vλ denote the L23-orthogonal projection. We define
Dλ + Qλ : Uλ → Vλ
to be the restriction of D+ pλQ on Uλ.
Since D and D∗ are both HG-equivariant operators, all eigenspaces of D∗D and DD∗ are
HG-modules. Obviously the projection pλ is an HG-map. Therefore Dλ + Qλ is also an HG-
equivariant operator. By [8] there exists a real r ∈ R+ so that Dλ + Qλ has no zeros on the
radius r sphere S(Uλ, r) ⊂ Uλ for sufficiently large λ. Hence we obtain an HG-equivariant
map
fλ : (B(Uλ, r ), S(Uλ, r ))→ (Vλ, Vλ − (0)).
Let W denote the subspace of Uλ spanned by eigenvectors of nonzero eigenvalues. Note that
W⊕ U0 = Uλ and W⊕ V0 ≈ Vλ ∈ RO(HG). By complexifying fλ we obtain an HG-map
fλ,C : (B(Uλ ⊗ C, r ), S(Uλ ⊗ C, r ))→ (Vλ ⊗ C, Vλ ⊗ C− (0)).
By molding the boundary we get the required HG-equivariant map. The proof is now complete.
¤
Proof of Proposition 3. By the assumption we know that Gˆ contains G as a subgroup. Applying
Proposition 2.1 we have an HG-equivariant map
f : (ker DC ⊕W)+ → (coker DC ⊕ coker d+C ⊕W)+.
Put k = 12 indG D and put b = b+2 (X;G). As σ(X) 6 0, then (ker D)G = Hk⊕(coker D)G .
By restricting f to the fixed point set (ker DC ⊕W)G and taking one point compactifications
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we obtain a Pin(2)-equivariant map(
Hk ⊗ C⊕ (coker DC )G ⊕WG
)+ → (R˜b ⊗ C⊕ (coker DC )G ⊕WG )+.
As k 6= 0, by [8, Proposition 5.1] it follows that b > 2k+1. This proves the desired result. ¤
3. A trace formula
In the remainder of this paper, let X be a smooth closed spin Riemannian 4-manifold such that
σ(X) 6 0. By the Rochlin Theorem, the signature σ(X) = −16k for some integer k ∈ Z+. Let
D : 0(W+)→ 0(W−) be the Dirac operator. Note that kerD and coker D are both quaternionic
vector spaces. By the Atiyah–Singer index theorem, ind D = 2k. For the sake of simplicity,
put m = b+2 (X). Furuta’s 108 theorem asserts that m > 2k + 1.
Let G be a 2-group. Suppose that X admits a semifree G-action of odd type preserving
the Spin structure. By Proposition 2.1 there is an HG-map between the one point compact-
ifications of certain HG modules. Due to some technical reasons, we will regard the HG-
modules as Z4 ×±1 Gˆ-modules, where Z4 is generated by j ∈ Pin(2). For simplicity, set
H := Z4 ×±1 Gˆ.
Let K = ker DC and L = coker DC. Set g ∈ Gˆ = Z2p+1 for a generator. Clearly (g j)2
p+1 = 1
if p > 1. Note that g j acts complex linearly on K and L. Let Kr (resp. Lr ) denote the ωr -
eigenspace of g j on K (resp. L), where ω = exp(pi√−1/2p) and 0 6 r 6 2p+1 − 1. For
V ∈ R(H) let λ−1(V ) denote the alternating sum
∑
(−1)i3i V . Let δr := dimKr − dim Lr .
The following formula is important in the proof of the main results of the paper.
Proposition 3.1. If p > 2 and g ∈ Z2p+1 is a generator, then δr = δ2p±r and
tr g jλ−1(K− L) =
∏
16r62p+1−1
r odd
(1− ωr )δr ∈ R.
Proof. By the Atiyah–Bott–Singer fixed point formula we obtain
Spin(g, X ) = tr(g|ker D )− tr(g|coker D ) =
∑
F
(−1)σF cos
1
2θ
4 sin2 12θ
[F ]2 ,
Spin(g2, X ) =
∑
F
cos θ
4 sin2 θ
[F ]2 ,
where θ = 2pi/2p and the sum runs over the fixed point components.
Note that Spin(g, X) is real. Thus tr(g|K)− tr(g|L) = 2 Spin(g, X). Note that g is H-linear
on ker D and coker D. It is not hard to verify that for 1 6 k 6 2p−1 − 1,
tr(g j )2k+1|K = tr(g j )2k+1|L = 0 , (3.1)
tr(g j )2k |K − tr(g j )2k |L = (−1)k
∑
F
cos kθ
2 sin2 kθ
[F ]2. (3.2)
For convenience put a2s = tr(g j)2s |K − tr(g j)2s |L. Clearly (g j)2
p = g2p acts on K and L
by −1. Thus a2k+2p = −a2k . In particular, a2p = −a0 = −2 ind D.
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On the other hand, both K and L split as the direct sum of ωr -eigenspaces of g j for 0 6 r 6
2p+1 − 1. We claim that δ2r = 0.
By the definition, g j(x) = ω2r x if x ∈ K2r ,L2r . Thus g2
p
(x) = (g j)2p(x) = ω2p+1r x = x .
But g2p(x) = −x and this implies that x = 0 and so δ2r = 0. Therefore
2 ind D = δ1 + δ3 + · · · + δ(2p+1−1).
From the definition of δr we get
as =
∑
16r62p+1−1
ω
sr
δr
for 1 6 s 6 2p+1 − 1. Inverting the above formulas and substituting a2p+k = −ak we get
2p−1δ1 = ind D +
2p−1∑
s=1
ω
−s
as ,
2p−1δ3 = ind D +
2p−1∑
s=1
ω
−3s
as ,
· · ·
By equations (3.1) and (3.2) all as are reals. Substitutingω = exp(pi
√−1/2p) and aodd = 0
to the above identities we get
2p−1δr = ind D +
2p−1∑
s=1
cos
rspi
2p
as
= ind D +
2p−1−1∑
l=1
∑
F
(−1)l cos lrpi
2p−1
cos (lpi/2p−1)
2 sin2 (lpi/2p−1)
[F ]2.
Therefore δr = δ2p±r and
tr g jλ−1(K− L) = det(I− g j |K )(det(I− g j |L ))−1 =
∏
16r62p+1−1
r odd
(1− ωr )δr
is real. The proof is complete. ¤
4. Proofs of Theorem 1 and Theorem 2
In this section we prove Theorem 1 and Theorem 2. For the sake of simplicity, we use
the same notations as the above sections. Put E = K ⊕W and F = L ⊕ H 2+(X,C) ⊕W.
By proposition 2.1 there is an HG-equivariant map f : E+ → F+. In particular, f is an
H-equivariant map, where H = Z4 ×± Gˆ, and Z4 = 〈 j〉.
Consider E+ (resp. F+) as the Thom complex of an H-equivariant vector bundle over a
point. By the equivariant K -theory Thom isomorphism theorem,
KH(E
+
) ≈ R(H) ,
KH(F
+
) ≈ R(H)
where R(H) is the complex representation ring of H.
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Let τE ∈ KH(E+) (resp. τF ∈ KH(F+)) denote the equivariant K -theory Thom classes of
E (resp. F). Applying the K -theory functor f ∗ to τF we get that
f ∗(τF ) = f ∗(τE )α f
for some α f ∈ R(H). To determine the virtual representation α f , it is useful to localize at the
fixed point set for every element of H and to calculate the character of this representation.
Let tr h(ρ) be the character χρ(h) for h ∈ H. As usual, let Eh (resp. Fh) be the fixed point
set of h on E (resp. F). The following character formula of tom Dieck (cf. [5, 9.7.2]) will be
used frequently in this section
tr h(α f ) = deg( f h ) · tr hλ−1(Fh⊥ − Eh⊥ ) (4.1)
where f h is the restriction of f on the fixed point set SEh , h ∈ H. Therefore tr h(α f ) = 0 if
deg( f h) = 0. In particular, if SEh and SFh have different dimensions, then deg( f h) = 0 and
so tr h(α f ) = 0.
Recall that R(Z4) ≈ Z[t]/(t4 = 1) and R(Z2p+1) ≈ Z[ξ ]/(ξ 2
p+1 = 1). Therefore R(H) can
be regarded as a subring of R(Z2p+1)⊗R(Z4) consisting of virtual representations ofZ2p+1×Z4
which are trivial on (2p, 2) ∈ H.
Lemma 4.1. Let X be a smooth closed spin 4-manifold. Suppose that the first Betti number
b1(X) = 0 and signature σ(X) 6 0. If X admits an odd type Z2p -action preserving the
spin structure so that b+2 6= b+2 (X;Z2) + 2k and b+2 (X;Z2p) > 0, then there exists an even
polynomial p(ξ) ∈ R(Z2p+1) such that α f = (1− t2) p(ξ).
Proof. As above let G = Z2p and let g ∈ Gˆ = Z2p+1 be a generator. Note that H = Z4×±1Z2p+1
and the action of Gˆ on H 2(X,C) factors through the action of G. Obviously g2p = −1 on
K and L. Therefore for any nontrivial element h ∈ Gˆ, the fixed point set Eh = Wh and
Fh = H 2+(X,C)h ⊕Wh . As b+2 (X;G) > 0 we get that
dim Fh > dim Eh
for any nontrvial h ∈ Gˆ. For such an h, by the character formula (4.1) we get that
tr h(α f ) = tr hj2 (α f ) = 0.
By [8] we know that if we substitute ξ = 1 (i.e, forgetting the G action), then α f (t, 1) =
2m−2k−1(1− t2). Hence
tr 1(α f ) = tr −1(α f ) = 0.
In summary this shows that there is a polynomial q(t, ξ) so that
α f = (1− t2 ) q(t, ξ ).
We assert that q(t, ξ) is an even polynomial in t . It suffices to prove
α f (t
3
, ξ ) ≡ α f (t, ξ ). (4.2)
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Assuming the assertion, we may write q(t, ξ) =∑ ai t2ξ i +∑ biξ i . Hence
α f (t, ξ ) = (1− t2 ) q(t, ξ ) =
∑
(bi − ai )(1− t2 ) ξ i
since t4 = 1. Putting p(ξ) =∑(bi − ai ) ξ i we get that α f (t, ξ) = (1− t2) p(ξ).
To prove (4.2), it suffices to prove
tr g j3 (α f ) = tr g j (α f ) (4.3)
for every g ∈ Gˆ = Z2p+1 .
The proof is divided into the following three cases:
(i) g ∈ Z2p+1 is of order 4. In this case, g2 = −1 on K and L. Thus (g j)2 = 1 on K
and L. As g commutes with j , it is easy to see that tr(g j |K) = tr(g j |L) = 0. Therefore
δ0 = 12(dim K− dim L) = ind D = 2k and so dim Egj − dim Fgj = 2k − dim H 2+(X)g j .
Put m = b+2 (X). As g acts on H 2+(X,C) as an involution and j acts on H 2+(X,C) by −1,
dim H 2+(X,C)g j is the dimension of the −1-eigenspace of g on H 2+(X,C). This shows that
dim H 2+(X,C)g j = m − b+2 (X;Z2) and so dim Egj − dim Fgj = 2k −m + b+2 (X;Z2) 6= 0 by
the assumption. By (4.1) once again we obtain that
tr g j (α f ) = tr g j3 (α f ) = 0.
(ii) g ∈ Z2p+1 is of order 2. Note that g = −1 on K (resp. L ) and g j = g j3 = 1 on K
(resp. L). (4.3) follows since tr 1(α f ) = 0.
(iii) g ∈ Z2p+1 is of order at least 8. In this case (g j)4 = g4 6= 1. Clearly there is an
integer r such that (g j)4r = −1 on W+ and W−. This shows that Kg j = Lg j = 0. Moreover,
by the construction of W we conclude that Wg j ⊂ iÄ1(X). As j acts on Ä1(X) by −1,
j = j3 on Ä2+(X). Consequently, Egj = Egj
3
, Fgj = Fgj3 and deg( f g j ) = deg( f g j3).
Therefore deg( f g j ) = 0 and so both sides of (4.3) are zero by the formula (4.1), provided
H 2(X,C)g j 6= 0.
Finally let’s consider the case of H 2(X,C)g j = 0. Without loss of generality we may assume
that g ∈ Z2p+1 is a generator. Otherwise we replace Z2p+1 by the subgroup generated by g. By
the assumption we get Fgj⊥ − Egj⊥ ≈ L⊕ H 2(X,C)−K. Similar formula holds for g j3 and
g2p+1 j . Notice that both j2 and g2p are −1 on K and L and 1 on H 2(X,C). Hence
tr g j3 (L
g j3⊥ −Kg j3⊥ ) = tr g2p+1 j (Lg
2p+1 j⊥ −Kg2
p+1 j⊥
). (4.4)
As both g and g2p+1 generate Z2p+1 , by (4.4) and Proposition 3.1 we conclude that
tr g j3λ−1(L
g j3⊥ −Kg j3⊥ ) = tr g jλ−1(Lg j⊥ −Kg j⊥ ) ,
tr g j3λ−1(F
gj3⊥ − Egj3⊥ ) = tr g jλ−1(Fgj⊥ − Egj⊥ ).
In summary we obtain (4.3) and so α f (t, ξ) = (1 − t2) p(ξ). Using similar argument we
can prove that p(ξ) is an even polynomial. The desired result follows. ¤
To characterize the polynomial p(ξ), we need the following technical lemma.
Lemma 4.2. Let P(ξ) =∑2kj=0 a jξ j be a real coefficient polynomial of degree 2k. If P(ωi ) =
P(ω¯i ) for all 0 6 i 6 2k − 1 with ω = exp(2pi√−1/2k) ∈ C∗ the 2k-th unit root of 1, then
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a1 = a2k−1, a2 = a2k−2, . . . , ak = ak.
Proof. Put Q(ξ) =∑2kj=0 a jξ 2k− j . Then P(ω) = Q(ω), P(ω2) = Q(ω2), . . . Hence P ≡ Q
and hence a1 = a2k−1, a2 = a2k−2, . . . , ak = ak . ¤
Let ω0 = exp(2pi
√−1/2p) and let Fr denote the ωr0-eigenspace of g-action on H 2(X,C),
0 6 r 6 2p − 1, where g ∈ Z2p is a generator. Let nr = dim Fr and let εr denote the signature
of the restriction of the intersection form to Fr .
By the definition dim F+r = 12(εr + nr ). The G-Lefschetz theorem (cf. [4]) implies that
nr =
b2(X)
2p
+ 1
2p
(2− χ ) if 1 6 r 6 2p − 1,
n0 =
b2(X)
2p
+ 2
p − 1
2p
(χ − 2) ,
where χ = χ(N ) is the Euler characteristic of the fixed point set N .
Recall that j acts on H 2+(X,C) by −1. Thus H 2+(X,C)g j consists of the (−1)-eigenvectors
of g on H 2+(X,C) and so dim H 2+(X,C)g j = 12(n2p−1 + ε2p−1). Similarly,
dim H 2+(X, C)
g2s−1 j = 12 (n2p−s + ε2p−s ) (4.5)
for 1 6 s 6 p.
Lemma 4.3. Let X be as in Lemma 4.1. Let G = Z2p (resp. Gˆ = Z2p+1 ) and let N ⊂ X/G
be the image of the fixed point set X G. If b+2 (X) 6= b+2 (X;Z2)+ 18 |σ(X)| and [N ]2 6= 0, then
there is an integer 1 6 s 6 p such that dim Eg2
r j 6= dimFg2r j if r 6= s−1, 0 6 r 6 p−1, where
g ∈ Gˆ is a generator.
Proof. Put k = 116 |σ(X)| and m = b+2 . Note that g2
p−1 ∈ Z2p+1 is of order 4. By (i) in the proof
of Lemma 4.1 we have
dim Eg
2p−1 j − dim Fg2
p−1 j = 2k − m + b+2 (X/Z2 ). (4.6)
Therefore dim Eg2
p−1 j 6= dim Fg2p−1 j .
For 0 6 r 6 p − 1, (g2r−1 j)4 = g2r+1 6= 1. There is an integer l such that (g2r−1 j)4l = g2p .
Since the action is of odd type, (g2r−1 j)4l acts on K and L by −1. Therefore g2r−1 j has no
non-zero +1-eigenvector on K and L. This implies that
dim Eg
2r−1 j − dim Fg2
r−1 j = − dim H 2+(X, C)g
2r−1 j = − 12 (n2p−r + ε2p−r ). (4.7)
If 1 6 s 6 p is an integer such that dim Eg2
s−1 j = dim F g2s−1 j . By (4.7) it follows that
(n2p−s + ε2p−s ) = 0. Obviously by (4.6) we get that s 6 p − 1.
Recall that the action of Gˆ on H 2(X,C) factors through G. By a formula of Casson–
Gordan ([4])
εq = σ(X/G )−
2q(2p − q)
22p
[ N ]2. (4.8)
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Observe that nq are all the same for 1 6 q 6 2p − 1. On the other hand, (4.8) implies that
εq is a strictly decreasing function on q for 0 6 q 6 2p−1. Therefore (n2p−r−1 + ε2p−r−1) 6= 0 if
r 6= s − 1. Hence for such an r , dim Eg2r j 6= dim Fg2r j . This implies the desired result. ¤
Now we are ready to prove Theorem 2 announced in the introduction.
Proof of Theorem 2. First note that [N ]2 = (1/2p)[N ]2, where N is the image of N in X/Z2p .
Thus [N ]2 6= 0 and the condition of Lemma 4.3 is fulfilled. As before we write Gˆ = Z2p+1 and
let g ∈ Gˆ be a generator. By Lemma 4.3 and the character formula (4.1) there is an integer
1 6 s 6 p − 1 such that
tr
g2r j
(α f ) = 0
for r 6= s − 1, 0 6 r 6 p − 1.
On the other hand, by Lemma 4.1 α f = (1 − t2) p(ξ). The above equality implies that
p(ω2r ) = 0, where ω = exp(2pi i/2p+1).
Obviously, for any odd integer l, dim Eg2
r j 6= dim F g2r j if and only if dim Egl2r j 6=
dim Fgl2
r j
. Therefore p(ωl2r ) = 0 for each odd l.
(i) p = 1. By (4.1) and the argument of the first few lines in the proof of Lemma 4.3 it follows
that tr g j (α f ) = 0. This shows that p(ω) = 0. Since p(ξ) is an even polynomial of degree 2 (cf.
Lemma 4.1), we conclude that p(ξ) = a(1+ξ 2) for some a ∈ Z. Put k = 116 |σ(X)| and m = b+2 .
Recall that tr j (α f ) = 2m−2k . Hence p(1) = 2m−2k−1. This implies that m − 2k > 2 = p + 1
and the desired result follows.
(ii) p > 2. Set s for the number defined in Lemma 4.3. If s = 1, by Lemmata 4.1, 4.3 and
the formula (4.1) we have that
p(ω2 ) = p(ω4 ) = p(ω6 ) = · · · = p(ω2p−2 ) = 0.
Recall that p(1) = 2m−2k−1 and p is an even polynomial in ξ . Thus
p(ξ ) =
2p−1−1∏
i=1
(ξ − ω4i ) θ(ξ ) = (1+ ξ 2 + · · · + ξ 2p−2 ) θ(ξ )
for some integral coefficients polynomial θ(ξ). Hence p(1) = 2m−2k−1 = 2p−1θ(1). This
proves that m − 2k > p.
If s > 2, Lemma 4.3 and the formula (4.1) implies that p(ω2r−1l) = 0 for all l odd and
r 6 s− 1; p(ω2s l) = 0 for all l ∈ Z so that ω2s l 6= ±1. As p(ξ) is an even polynomial, we get
p(ξ ) =
∏2p−1
i=1 (ξ
2 − ω2i )∏2p−s−1−1i=1 (ξ 2 − ω2s+2i ) θ(ξ)∏2p−s−1
i=1 (ξ 2 − ω2s+1i )
= x
2s − 1
x − 1
2p−s−1−1∏
i=1
(ξ
2 − ω2s+2i )θ (ξ )
= (1+ x + · · · + x2s−1 )(1+ ξ 2 + · · · + ξ 2p−s−2 ) θ(ξ )
for some θ(ξ), where x = ξ 2p−s+1 . It is easy to show that θ(ξ) is also an integral coefficients
polynomial. Hence p(1) = 2p−1θ(1), θ(1) ∈ Z and 2m−2k = 2p(1) = 2pθ(1). This shows that
m > 2k + p.
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We need to improve the above inequality by proving m > 2k + p + 1.
For our representation α f = (1 − t2) p(ξ), note that p(ξ) is an even integral coefficients
polynomial of degree 2p+1 − 2. By Proposition 3.1 and the character formula (4.1) it follows
that trgi j (α f ) = trg2p±i j (α f ) = trg2p+1−i j (α f ). Therefore p(ωi ) = p(ω2
p+1−i ) = p(ω¯i ).
The improved inequality follows if θ(1) is even.
For the sake of simplicity, we only give the proof in the case of s = 1. The remainding case
is similar.
If s = 1, as above p(ξ) = (1 + ξ 2 + ξ 4 + · · · + ξ 2p−2) θ(ξ). Let θ(ξ) =∑2p−1i=0 biξ 2i . It is
easy to see that bi , 0 6 i 6 2p−1, are all integers. Thus
p(ξ ) = b0 + (b0 + b1 ) ξ 2 + (b0 + b1 + b2 ) ξ 4 + · · · + (b0 + · · · + b2p−1−1 ) ξ 2
p−2
+ (b1 + · · · + b2p−1 ) ξ 2
p + (b2 + · · · + b2p−1 ) ξ 2
p+2 + · · · + b2p−1ξ 2
p+1−2
.
Let p(ξ) =∑2p+1−2i=0 aiξ i . Applying Lemma 4.2 to p(ξ) we get that ai = a2p+1−i . This implies
that
b0 + b1 = b2p−1 ,
b0 + b1 + b2 = b2p−1 + b2p−1−1 ,
· · ·
Consequently b0 + b1 + · · · + b2p−1 is even. Hence θ(1) is even. By p(1) = 2p−1θ(1) and
p(1) = 2m−2k−1 we conclude that m > 2k+ p+ 1. By the definition of m and k it follows that
b2(X) > 54 |σ(X)| + 2p + 2. The proof is complete. ¤
Proof of Theorem 1. By Theorem 2 we need only to consider the case of [N ]2 = 0 where
N ⊂ X is the fixed point set. Let us assume that [N ]2 = 0.
The proof for the case of p = 1 is actually contained in the proof of Theorem 2. We may
assume that p > 2 from now on. If dimH 2+(X)g j 6= 0, then n2p−1 + ε2p−1 6= 0. By the Casson–
Gordan formula (4.8) and our formula for nr it follows that nr (resp. εr ) does not depend on r
for all 1 6 r 6 2p − 1. Therefore nr + εr 6= 0 for all 1 6 r 6 2p − 1. Now the same argument
in the proof of Theorem 2 applies to conclude Theorem 1.
Next let’s consider the case of n2p−1 + ε2p−1 = 0. By (4.8) and the formula for nr once again
we get that b2(X)+ 2pσ(X/G) = χ(N )− 2. Note that 2pσ(X/G) = σ(X). Hence
b2(X )+ 2pσ(X/G ) = 2b+2 (X ) = χ(N )− 2.
It is easy to check that
b+2 (X/G ) = 12 (n0 + ε0 ) = b+2 (X ).
This is excluded by the assumption of Theorem 1. The proof is complete. ¤
5. Applications
Proof of Theorem 4. Let G = Z2 be the group generated by the involution τ . Note that
indG(D) = −(σ (X)/16)+ 12 Spin(τ, X), where
Spin(τ, X ) = indτ D = tr(τ |ker D )− tr(τ |coker D ) ,
Smooth group actions on 4-manifolds 13
which can be calculated using the Atiyah–Singer G-index formula.
Recall that the fixed point set of an even type involution on a spin 4-manifold consists of
isolated points (cf. [1]). By the Atiyah-Bott fixed point formula,
indG (D) = − σ(X)
16
+ 18
∑
p∈Fix(G)
σ ( p)
where σ(p) = ±1 is the sign assigned to the fixed point p, which depends on the lifting of τ
to PSpin(4)(X). In general, it is a subtle matter to determine the sign σ(p). For our τ , we claim
that σ(p) = σ(q) for all p, q ∈ Fix(τ ).
By [1] σ(p) σ (q) is detected by the characteristic class w1 ∈ H 1(PSO(4)(X),Z2). More
precisely, let p˜, q˜ be two framings at p and q and µ is a path joining them. Clearly τ(µ) is
a path to join − p˜ and −q˜. This gives us a loop c = µ ∪ −τ(µ) in PSO(4)(X). A criterion of
Atiyah–Bott asserts that σ(p) σ (q) = 1 if and only if w1 vanishes on the loop c.
In our case, we can choose the path µ and so c to be in the image of PSpin(4)(X). Note that
H 1(PSpin(4)(X),Z2) = 0 since H1(X,Z2) = 0. Therefore w1(c) = 0 and σ(p) = σ(q).
By choosing the right lifting we can arrange that σ(p) = 1 for a given fixed point p. This
is because there are exactly two liftings of τ to PSpin(4)(X), for which the signs of σ(p) are
opposite to each other. Therefore indG(D) = − 116σ(X) + 18 k, where k = #Fix(τ ). Using
Proposition 3 the proof is complete. ¤
Next we prove Proposition 6.
Proof of Proposition 6. We can glue a cone on the negatively oriented lens space to X to
get a singular space Y = X ∪∂ C(L(n,−q)). By a lemma of Casson and Gordan [4], there is
an embedded surface F ⊂ X such that the n-fold covering of S3 over L(n,−q) extends to a
branch covering of X with branch set F . Let X˜ denote this covering space and Y˜ = X˜ ∪ D4.
Note that Y˜ is a spin 4-manifold and Zn acts on Y˜ with orbit space Y and the fixed point set
F ∪ 0.
Let G = Zn and set g for a generator of G. By the Atiyah–Singer G-signature theorem [10]
we get
nσ(Y ) = σ(Y˜ )+
n−1∑
k=1
cosec2
pik
n
[F ]2 +
n−1∑
k=1
cot
pik
n
cot
piqk
n
.
Note that
∑n−1
k=1 cot (pik/n) cot (piqk/n) = 23(q, n) (cf. [9]).
On the other hand, by the Atiyah–Singer G-Spin theorem we have
n−1∑
k=1
indgk D
=

1
4
n−1∑
k=1
(−1)k cos (pik/n)
sin2 (pik/n)
[F ]2 + 14
n−1∑
k=1
(−1)k cosec pik
n
cosec
piqk
n
if q is even
1
4
n−1∑
k=1
(−1)k cos (pik/n)
sin2 (pik/n)
[F ]2 + 14
n−1∑
k=1
cosec
pik
n
cosec
piqk
n
if q is odd,
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where the signs in the expression above are settled using a formula of Atiyah–Hirzebruch (cf. [2]
page 20 formula (9)) since n is odd. It is easy to verify that
n−1∑
k=1
(−1)k cos (pik/n)
sin2 (pik/n)
= − 12
n−1∑
k=1
cosec2
pik
n
.
Recall that ind D = − 18σ(Y˜ ). Therefore
indG D = 1
n
{
ind D +
n−1∑
k=1
indgk D
}
= − 18 σ(Y )+
1
12n
(
3def(q; n)+ (q, n)).
By Proposition 3 the desired result follows. ¤
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